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A TWO-DIMENSIONAL FAMILY OF SURFACES OF GENERAL TYPE
WITH pg = 0 AND K
2 = 7
YIFAN CHEN AND YONGJOO SHIN
Abstract. We study the construction of complex minimal smooth surfaces S of general type
with pg(S) = 0 and K2S = 7. Inoue constructed the first examples of such surfaces, which can be
described as Galois Z2×Z2-covers over the four-nodal cubic surface. Later the first named author
constructed more examples as Galois Z2 × Z2-covers over certain six-nodal del Pezzo surfaces of
degree one.
In this paper we construct a two-dimensional family of minimal smooth surfaces of general
type with pg = 0 and K2 = 7, as Galois Z2 × Z2-covers of certain rational surfaces with Picard
number three, with eight nodes and with two elliptic fibrations. This family is different from the
previous ones.
1. Introduction
Classifications and constructions of algebraic surfaces of general type are still a crucial area among
algebraic geometry. There are several approaches for the classifications and the constructions (see
[2, 5]). In this paper, we focus on minimal surfaces S of general type with pg(S) = 0 and K
2
S = 7.
Inoue [16] constructed first examples of such surfaces, which can be described as Galois Z2×Z2-
covers over the four-nodal cubic surface [18, Example 4.1]. These examples are called Inoue surfaces
with K2S = 7 (and called Inoue surfaces in this paper). Mendes Lopes and Pardini [18] studied
the bicaonical map of a surface S of general type with pg = 0 and K
2
S = 7 and showed that the
bicanonical map of an Inoue surface has degree two. Lee and the second named author [17] provided
all possible fixed loci of an involution σ on S (see also [20]). Especially, they showed that there only
two cases for the divisorial fixed part Rσ when the quotient of S by σ is birational to an Enriques
surface:
(i) Rσ is a disjiont union of two smooth irreducible curves of genus 3 and 1 with self intersection
numbers 0 and −1 respectively.
(ii) Rσ is a smooth irreducible curve of genus 3 with self intersection number −1.
Inoue surfaces realized case (i). Inspired by the construction of Inoue surfaces and the work of [17],
the first named author studied pairs (S,G), where S is as above, G ≤ Aut(S) and G is isomorphic
to the Klein group Z2 × Z2 (see [12]) and constructed a new family of examples, which are Galois
2010 Mathematics Subject Classification. Primary 14J10, 14J29.
Key words and phrases. commuting involutions, surface of general type.
1
2 YIFAN CHEN AND YONGJOO SHIN
Z2 × Z2-covers over certain six-nodal del Pezzo surfaces of degree one (see [11]). These surfaces
realized case (ii) and their bicanonical maps have degree one.
Set G = {IdS , g1, g2, g3} and let Ri be the divisorial fixed part of gi for i = 1, 2, 3. Then the first
named author showed that there are only three possibilities for (KSR1,KSR2,KSR3) (assuming
KSR1 ≥ KSR2 ≥ KSR3)
(a) (7, 5, 5); (b) (5, 3, 3); (c) (5, 3, 1)
(see [12, Theorem 1]). The pairs (S,G) in the case (a) are exactly the Inoue surfaces and those
in the case (b) are exactly the ones constructed in [11]. On the other hand the existence of the
examples in the case (c) remained as an open problem. Recently, Rito [21] constructed one example
by using a computer program.
In this paper, we construct a two-dimensional family of surfaces in the case (c).
Theorem 1.1 (cf. Remark 2.4, Proposition 5.1 and Corollary 5.6). Let S be a surface con-
structed in Section 4. Then Aut(S) contains a subgroup G = {IdS , g1, g2, g3} ∼= Z2 × Z2 and
(KSR1,KSR2,KSR3) = (5, 3, 1). Moreover, KS is ample and the bicanonical morphism of S is
birational.
The surfaces S are parametrized by a two-dimensional irreducible variety.
For the pairs (S,G) in the cases (a) and (b), S/G is a (singular) del Pezzo surface. But this is
no longer true for the case (c), which is the main obstacle to construct examples in the case (c).
In this case, S/G is a rational surface with nodes and K2S/G = −1 [12, Theorem 1]. Denote by Bi
the image of Ri under the quotient map S → S/G. Under certain birational map S/G 99K P2, B1
and B2 correspond very singular curves of degree 6 and degree 7 respectively. It is very hard to
find such curves directly. We study two elliptic fibrations on S/G in detail and succeed to show
that B1 and B2 correspond to irreducible smooth components in certain singular fibers of elliptic
fibrations. See Remark 3.5.
Let Mcan1,7 be the Gieseker moduli space with χ(OS) = 1 and K
2
S = 7 (see [14]). Inoue surfaces
yield a 4-dimensional irreducible connected component ofMcan1,7 (see [4]). And similarly the surfaces
constructed by the first named author yield another irreducible connected component, which is of
dimension 3 (see [12]). Thus it arises that
Question 1.2. Do the surfaces constructed in Section 4 yield an irreducible connected component
of Mcan1,7 ?
We could not answer this question at the moment. On the one hand, we do not know whether
any pair (S,G) in the case (c) is in the 2-dimensional family above. On the other hand, the study
of deformations of the surfaces in the cases (a) and (b) depends on the fact that S/G is a Del Pezzo
surface (see [4, Proof of Theorem 5.1 and Lemma 5.5] and [12, Proof of Proposition 5.1]).
Bauer [3] showed that any Inoue surface S satisfies the Bloch conjecture by showing that the
Kodaira dimension κ(S/gi) < 2 [3, Propositions 3.2 and 3.6] and by applying the method of enough
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automorphisms in [1, 15]. In the same way, the first named author proved that a surface in the case
(b) also satisfies the Bloch conjecture (see [11, Section 5]).
The Kodaira dimensions of the intermediate double covers S/gi of the surface S constructed in
Section 4 are considered.
Proposition 1.3 (cf. Proposition 5.1). Let S be a surface constructed in Section 4. Then S/g1
with K2S/g1 = −2 is birational to an Enriques surface, and S/g2 is birational to a minimal properly
elliptic surface and the minimal resolution of S/g3 is a numerical Campedelli surface, a minimal
surface of general type with pg = 0 and K
2 = 2.
Question 1.4. Does a surface S constructed in Section 4 satisfy the Bloch conjecture?
By [3, Proposition 1.3] and the proposition above, the question 1.4 is equivalent to
Question 1.5. For a surface S construced in Section 4, does the minimal model of S/g3 satisfy
the Bloch conjecture?
Notation and conventions. Through this article we work over the field of complex numbers. Denote
by ≡ a linear equivalence between divisors. A (−m)-curve with a nonnegative integer m on a
smooth projective surface means that the curve is rational and of a self intersection number −m.
In particular (−2)-curve is called a nodal curve.
2. Configuration of points
Let P be a subset of CP2 which consists of six distinct points p0, p1, . . . , p4, p. For k = 1, 2, 3, 4,
denote by p′k the infinitely near point over pk which corresponds to the line lp0pk . Here lqq¯ stands
for the line passing two points q, q¯ ∈ CP2. Assume that P satisfies the following conditions:
(I) Any three points in P are not contained in a line.
(II) There is a smooth conic γ1 passing through the six points
p1, p2, p3, p
′
3, p4, p
′
4,
and there is a smooth conic γ2 passing through the six points
p1, p
′
1, p2, p
′
2, p3, p4.
Here a curve passes through p′k means that this curve is tangent to lp0pk at pk.
(III) The six points in P are not contained in a conic and the ten points
p0, p1, . . . , p4, p, p
′
1, . . . , p
′
4
are not contained in a cubic.
(IV) There is an irreducible cubic λ1 passing through the seven points
p0, p1, p2, p
′
2, p3, p4, p
′
4,
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and having a singular point at p, and there is an irreducible cubic λ2 passing through the
seven points
p0, p1, p
′
1, p2, p3, p
′
3, p4,
and having a singular point at p.
We aim to show that the existence of P and figure out the configuration of the six points. We
postpone the proofs of Lemma 2.1, Lemma 2.2 and Proposition 2.3 to Appendix. The upshot is to
find the point p and to verify the condition (IV) (see Remark 6.1).
Assume p1, . . . , p4 satisfy the condition (I) then we may assume
p1 = (1 : 0 : 0), p2 = (0 : 1 : 0), p3 = (0 : 0 : 1), p4 = (1 : 1 : 1).
Here we use (x1 : x2 : x3) as coordinates of CP
2. Set
o := lp1p2 ∩ lp3p4 = (1 : 1 : 0),
r0 := lp1p4 ∩ lp2p3 = (0 : 1 : 1), s0 := lp1p3 ∩ lp2p4 = (1 : 0 : 1),
q1 := lp1p2 ∩ lr0s0 = (−1 : 1 : 0), q2 := lp3p4 ∩ lr0s0 = (1 : 1 : 2).
Lemma 2.1. The fives points p0, p1, . . . , p4 satisfy conditions (I) and (II) if and only if p0 ∈
lr0s0 \ {r0, s0, q1, q2}, i.e. p0 = (t : 1 : 1 + t) and t 6= 0,±1.
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Lemma 2.2. Assume the five points p0, p1, p2, p3, p4 satisfy conditions (I) and (II). Then they also
satisfy the following property
(II’) There is a unique cubic γ0 passing through the nine points p0, p1, p
′
1, . . . , p4, p
′
4.
A TWO-DIMENSIONAL FAMILY OF SURFACES OF GENERAL TYPE WITH pg = 0 AND K
2 = 7 5
Let p1, . . . , p4 as before. Observe that a smooth conic cα passing through these 4 points has the
defining equation
−(1 + α)x1x2 + x1x3 + αx2x3 = 0, α 6= 0,−1.
For α = −t2, the conic c−t2 also contains p0. We denote it by cp0p1p2p3p4 .
Proposition 2.3. Let p1, . . . , p4 be as before and fix p0 = (t : 1 : 1+ t) for t 6= 0,±1. Let cα(t) and
cβ(t) be the smooth conics defined by
cα(t) : −(1 + α(t))x1x2 + x1x3 + α(t)x2x3 = 0,
cβ(t) : −(1 + β(t))x1x2 + x1x3 + β(t)x2x3 = 0,
where α(t) + β(t) = −2t2, α(t)β(t) = t2, t 6= 0,±1. Then the points p0, p1, . . . , p4, p satisfy
conditions (I)-(IV) if and only if p ∈ (cα(t) ∪ cβ(t)) \ (lp0p1 ∪ . . . ∪ lp0p4 ∪ γ0).
Remark 2.4. The symmetric group S4 of four letters acts on p1, . . . , p4 and then acts on P
2
faithfully. Note that (13)(24) preserves lr0s0 and maps the point p0(t) = (t : 1 : 1 + t) to p0(−t) =
(−t : 1 : 1− t). Also it preserves cα(t). Observe that β(−t) = α(t). So (13)(24) acts on
{(p0, p)|p0 ∈ lr0s0 \ {r0, s0, q1, q2}, p ∈ (cα(t) ∪ cβ(t)) \ (lp0p1 ∪ . . . ∪ lp0p4 ∪ γ0)}.
and the quotient is 2-dimensional and irreducible. We conclude that isomorphism classes of the
sets P of six points satisfying conditions (I)-(IV) are parametrized by a 2-dimensional irreducible
variety.
3. Certain rational surfaces with eight nodal curves and two elliptic fibrations
Fix a set P of six points of CP2 satisfying the conditions (I)-(IV) in Section 2.
Let ρ : W → CP2 be the blowup of CP2 at the ten points p0, p1, . . . , p4, p, p′1, . . . , p
′
4. Denote by
L the pullback of a line by ρ, by Ek the total transform of pk, by E
′
k the exceptional divisor of
p′k (k = 1, 2, 3, 4), by E0 the exceptional divisor of p0 and by E the exceptional divisor of p.
(1) The Picard group of W is
Pic(W ) = ZL ⊕ ZE0 ⊕⊕
4
k=1(ZEk ⊕ ZE
′
k)⊕ ZE,
and thus ρ(W ) = 11. Moreover,
−KW = 3L− E0 −
4∑
k=1
(Ek + E
′
k)− E and K
2
W = −1.
(2) W contains the following nodal curves:
• for k = 1, . . . , 4, the strict transform Ck of lp0pk :
Ck ≡ L− E0 − Ek − E
′
k;
• for k = 1, . . . , 4, the strict transform C′k of the (−1)-curve corresponding to pk:
C′k ≡ Ek − E
′
k;
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• the strict transforms Γ1,Γ2 of γ1 and γ2 (see the condition (II)):
Γ1 ≡ 2L− E1 − E2 − E3 − E
′
3 − E4 − E
′
4,
Γ2 ≡ 2L− E1 − E
′
1 − E2 − E
′
2 − E3 − E4;
• the strict transforms Λ1,Λ2 of λ1 and λ2 (see the condition (IV)):
Λ1 ≡ 3L− E0 − E1 − E2 − E
′
2 − E3 − E4 − E
′
4 − 2E,
Λ2 ≡ 3L− E0 − E1 − E
′
1 − E2 − E3 − E
′
3 − E4 − 2E.
Observe that the eight nodal curves C1, C
′
1, . . . , C4, C
′
4 are disjoint and the curves
2Γ1 + C1 + C
′
1 + C2 + C
′
2, 2Γ2 + C3 + C
′
3 + C4 + C
′
4,
2Λ1 + C1 + C
′
1 + C3 + C
′
3, 2Λ2 + C2 + C
′
2 + C4 + C
′
4
are of type D˜4.
(3) W also contains the following irreducible smooth elliptic curve:
• The strict transform Γ0 of γ0
Γ0 ≡ 3L− E0 − E1 − E
′
1 − E2 − E
′
2 − E3 − E
′
3 − E4 − E
′
4
≡ −KW + E (see Lemma 2.2 and the condition (III)).
Lemma 3.1. Let F := L − E0. Then |F | defines a rational fibration f : W → P1. The singular
fibers of f are as follows:
(a) E + B3 with EB3 = 1, where B3 is a (−1)-curve which is the strict transform of lp0p, and
B3 ≡ L− E0 − E;
(b) Ck + 2E
′
k + C
′
k with CkE
′
k = C
′
kE
′
k = 1 for k = 1, . . . , 4.
Proof. Note that |F | is the pullback of the pencil of lines passing through p0 by ρ. .
Proposition 3.2. Let Γ := −2KW + 2E. Then |Γ| defines an elliptic fibration h1 : W → P1 with
all the singular fibers as follows:
(a) two reducible fibers of type I∗0 :
2Γ1 + C1 + C
′
1 + C2 + C
′
2, 2Γ2 + C3 + C
′
3 + C4 + C
′
4;
(b) the double fiber 2Γ0, where Γ0 is in (3);
(c) a reducible fiber B1 + E, where B1 is an irreducible smooth elliptic curve such that
B1 ≡ −2KW + E, B1E = 1.
Moreover, B3 intersects Γ0,Γ1 and Γ2 transversely.
Proof. Note that Γ2 = 0 and KWΓ = 0. The adjunction formula yields pa(Γ) = 1. From (2) and
(3), one sees immediately that
2Γ1 + C1 + C
′
1 + C2 + C
′
2, 2Γ2 + C3 + C
′
3 + C4 + C
′
4, 2Γ0
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are connected, linearly equivalent to Γ and that they are disjoint. Hence |Γ| defines an elliptic
fibration h1 : W → P
1, and (a) and (b) are clear.
Since EΓ = E(−2KW + 2E) = 0, E is contained in some singular fiber different from those in
(a) and (b). We may write it as B1 + E with B1 ≥ 0.
Note that E is the unique (−1)-curve contained in the fiber of h1. Denote by ρ1 : W → W1 the
contraction of E and by h′1 : W1 → P
1 the elliptic fibration induced by h1. Let 2Γ
′
0,m1Γ
′
1, . . . ,mrΓ
′
r
be all the multiple fibers of h′1, where Γ
′
0 := ρ1(Γ0). By applying the canonical bundle formula for
h′1 (see [2, V (12.3) Corollary]), we have
KW1 ≡ h
′∗
1 (OP1(−1)) + Γ
′
0 +
r∑
j=1
(mj − 1)Γ
′
j
≡ −Γ′ + Γ′0 +
r∑
j=1
(mj − 1)Γ
′
j ,
where Γ′ := ρ1(a general fiber of h1). Since Γ
′ ≡ −2KW1 and Γ
′
0 ≡ −KW1 we obtain
r∑
j=1
(mj − 1)Γ
′
j ≡ 0.
It means that 2Γ′0 is the only multiple fiber of h
′
1 and so is 2Γ0 the only one of h1.
We also have e(W1) =
∑
x∈P1 e(Γ
′
x), and e(Γ
′
x) ≥ 0 and e(Γ
′
x) = 0 if and only if the support
of Γ′x is an irreducible smooth elliptic curve (see [2, III (11.4) Proposition] and [6, Lemma VI.4]),
where Γ′x is a fiber of h
′
1 over a point x ∈ P
1.
Note that e(W1) = 12χ(OW1) − K
2
W1
= 12, e(a fiber of type I∗0 ) = 6 and e(2Γ
′
0) = 0. Thus
e(Γ′y) = 0 for any fiber Γ
′
y of h
′
1 different from the two fibers of type I
∗
0 and 2Γ
′
0. Together with the
fact that 2Γ′0 is the only multiple fiber of h
′
1, we conclude that Γ
′
y is smooth and so is particularly
B
′
1, where B
′
1 := ρ1(B1+E). Hence ρ1
∗(B
′
1) = B1+E and B1 is irreducible smooth. The singular
fibers of h1 are as required.
Consider h := h1|B3 : B3 → P
1. Then deg h = B3(−2KW +2E) = 4 and thus degRh = 6, where
Rh is the ramification divisor of h. Observe that Γj |B3 ≤ Rh and deg(Γj |B3) = 2 for j = 0, 1, 2.
Hence Rh =
∑2
j=0 Γj |B3 and B3 intersects Γj transversely. 
Corollary 3.3. H0(W,OW (−2KW )) = 0.
Proof. It follows from B1 ≡ −2KW + E, B
2
1 = −1 and that B1 is irreducible. 
Proposition 3.4. Let Λ := −2KW + 2B3. Then |Λ| defines an elliptic fibration h2 : W → P1 with
all the singular fibers as follows:
(a) two reducible fibers of type I∗0 :
2Λ1 + C1 + C
′
1 + C3 + C
′
3, 2Λ2 + C2 + C
′
2 + C4 + C
′
4;
(b) the double fiber 2Λ0, where Λ0 ≡ −KW +B3 is an irreducible smooth elliptic curve;
8 YIFAN CHEN AND YONGJOO SHIN
(c) a reducible fiber B2 +B3, where B2 is an irreducible smooth elliptic curve such that
B2 ≡ −2KW +B3, B2B3 = 1;
Moreover, E intersects Λ0,Λ1 and Λ2 transversely.
Proof. Since Λ2 = 0 and KWΛ = 0, the adjunction formula gives pa(Γ) = 1. One sees immediately
that the two divisors
2Λ1 + C1 + C
′
1 + C3 + C
′
3, 2Λ2 + C2 + C
′
2 + C4 + C
′
4
are connected, pairwise disjoint and contained in the linear system |Λ|. Hence |Λ| induces an elliptic
fibration h2 : W → P
1. The assertion (a) is clear.
Since B3Λ = B3(−2KW +2B3) = 0, B3 is contained in some singular fiber of h2, which we may
write it as B2+B3 with B2 ≥ 0. Then B2 ≡ −2KW +B3, B2B3 = 1 and B2 6≥ B3 by Lemma 3.3.
Then the main statement is that B2 is irreducible and smooth.
Note that B3 is the unique (−1)-curve contained in the fiber of h2. Denote by ρ2 : W →W2 the
contraction ofB3 and by h
′
2 : W2 → P
1 the elliptic fibration induced by h2. Let n0Λ
′
0, n1Λ
′
1, . . . , nsΛ
′
s
be all the multiple fibers of h′2. By applying the canonical bundle formula for h
′
2 (see [2, V (12.3)
Corollary]), we have
KW2 ≡ h
′∗
2 (OP1(−1)) +
s∑
j=0
(nj − 1)Λ
′
j ≡ −Λ
′ +
s∑
j=0
(nj − 1)Λ
′
j,
where Λ′ := ρ2(a general fiber of h2). Since Λ
′ ≡ −2KW2 we get
s∑
j=0
nj − 1
nj
=
1
2
.
It implies s = 0 and n0 = 2. So h2 has the unique multiple fiber which is a double fiber, because
so does h′2. Denote it by 2Λ0. Then Λ0 ≡ −KW +B3 and Λ0 6≥ B3 by Lemma 3.3.
We also have e(W2) =
∑
x∈P1 e(Λ
′
x), and e(Λ
′
x) ≥ 0 and e(Λ
′
x) = 0 if and only if the support
of Λ′x is an irreducible smooth elliptic curve (see [2, III (11.4) Proposition] and [6, Lemma VI.4]),
where Λ′x is a fiber of h
′
2 over a point x ∈ P
1.
Note that e(W2) = 12χ(OW2) − K
2
W2
= 12, e(a fiber of type I∗0 ) = 6 and e(2Λ
′
0) = 0. Thus
e(Λ′y) = 0 for any fiber Λ
′
y of h
′
2 different from the two fibers of type I
∗
0 and 2Λ
′
0. Together with the
fact that 2Λ′0 is the only multiple fiber of h
′
2, we conclude that Γ
′
y is smooth and so is particularly
B
′
2, where B
′
2 := ρ2(B2 + B3). Hence ρ2
∗(B
′
2) = B2 + B3 and B2 is irreducible smooth. The
singular fibers of h2 are as required.
Consider h′ := h2|E : E → P1. Then deg h′ = E(−2KW +2B3) = 4 and thus degRh′ = 6, where
Rh′ is the ramification divisor of h
′. Observe that Λj |E ≤ Rh′ and deg(Λj |E) = 2 for j = 0, 1, 2.
Hence Rh′ =
∑2
j=0 Λj |E and E intersects Λj transversely. 
Remark 3.5. From Proposition 3.4, we see that
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i) Λ0 ≡ −KW +B3 ≡ 4L−2E0−E1−E′1−E2−E
′
2−E3−E
′
3−E4−E
′
4−2E. Thus P ⊆ CP
2
satisfies the following property:
(IV’) there is an irreducible quartic λ0 passing through the eight points
p1, p
′
1, p2, p
′
2, p3, p
′
3, p4, p
′
4 and having double points at p0, p.
ii) The singular point p of λ1 (resp. λ2) is indeed a node.
iii) B1 ≡ 6L− 2E0− 2
∑4
k=1(Ek +E
′
k)−E. Thus P satisfies that there is an irreducible sextic
ρ(B1) passing through the point p, having the double point at p0 and [2, 2]-points at pk for
k = 1, 2, 3, 4.
iv) B2 ≡ 7L−3E0−2
∑4
k=1(Ek+E
′
k)−3E. Thus P satisfies that there is an irreducible septic
ρ(B2) having triple points at p0, p and [2, 2]-points at pk for k = 1, 2, 3, 4.
It is much harder to find λ0, ρ(B1) or ρ(B2) directly than to find the cubics γ0, λ1, λ2 in the
condition (IV) and Lemma 2.2.
Lemma 3.6. The divisor B1 +B2 +B3 is simple normal crossing with B1B2 = 1, B1B3 = 3 and
B2B3 = 1.
Proof. The intersection numbers follow by a direct calculation. It is sufficient to show that B1
intersects with B3 transversely, and B1, B2, B3 have no common point.
First consider f ′ := f |B1 : B1 → P
1. Then deg f ′ = 4 and so degRf ′ = 8 by Hurwitz’s formula,
where Rf ′ is the ramification divisor of f
′. By Lemma 3.1, Rf ′ ≥
∑4
k=1 E
′
k|B1 and indeed the
equality holds because both sides have the same degree. It means B1 intersects the fiber E+B3 of
f transversely.
Now let
Ψ := B1 +B3 ≡ B2 + E
(see Propositions 3.2 and 3.4). Since H1(W,OW (E)) = 0 and ΨB2 = 2 the short exact sequence
0→ OW (E)→ OW (B2 + E)→ OB2(B2 + E)→ 0
and Riemann-Roch theorem on B2 show that the trace of |Ψ| on B2 is complete and base point
free. Denote by g′ : B2 → P1 the double cover induced by |Ψ|B2 |. Then deg g
′ = 2 and degRg′ = 4,
where Rg′ is the ramification divisor of g
′.
Since F ≡ E +B3
(3.1) Ψ = B1 +B3 ≡ −2KW + F ≡ 2(−KW + E
′
k) + Ck + C
′
k
for any k = 1, 2, 3, 4. By Riemann-Roch theorem
h0(W,OW (−KW + E
′
k)) ≥ 1
because (−KW + E′k)
2 = 0 and KW (−KW + E′k) = 0. Thus
−KW + E
′
k ≡ Ψk for some effective divisor Ψk on W .
Hence Rg′ ≥
∑4
k=1Ψk|B2 and indeed the equality holds because both sides have the same degree.
It means that (B1 +B3)|B2 consists of two distinct points. 
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Lemma 3.7. The divisor B2+F is nef with (B2+F )
2 = 7. If C is an irreducible curve such that
(B2 + F )C = 0, then C is one of the nodal curves C1, C
′
1, . . . , C4, C
′
4.
Proof. Assume that C is an irreducible curve such that (B2+F )C ≤ 0. Since (B2+F )B2 = 3 and
F is nef, we conclude that C 6= B2 and B2C = FC = 0. This means C is contained in singular
fibers of f and (−2KW + B3)C = 0. The conclusion follows from Lemma 3.1. 
Lemma 3.8. The linear system |B2+F | defines a birational morphism φ : W → P4 which contracts
exactly eight (−2)-curves Ck, C′k for k = 1, 2, 3, 4.
Proof. Note that H1(W,OW (F )) = 0. Consider the exact sequence
0→ H0(W,OW (F ))→ H
0(W,OW (B2 + F ))→ H
0(B2,OB2(B2 + F ))→ 0.
Since deg(OB2(B2 + F )) = 3 ≥ 2g(B2) = 2, |OB2(B2 + F )| is base point free and of dimension 2.
And since |F | is a base-point-free pencil, |B2 + F | is base point free and of dimension 4. Because
(B2 + F )
2 is the prime number 7, the morphism φ : W → P4 is birational.
By Lemma 3.7, φ only contracts the nodal curves Ck, C
′
k for k = 1, 2, 3, 4. 
4. Construction of surfaces of general type
In this section we construct a 2-dimensional family (see Remark 2.4) of minimal surfaces of
general type with pg = 0 and K
2 = 7, having commuting involutions. Those surfaces belong to the
case (c) of [12, Theorem 1.1] (see Proposition 5.1).
We define
(4.1)
∆1 := B1 + C1 + C
′
1 + C2 + C
′
2,
∆2 := B2 + C3 + C
′
3,
∆3 := B3 + C4 + C
′
4.
Then
∆1 ≡ −2KW + 2L− 2E0 − 2E
′
1 − 2E
′
2 + E,
∆2 ≡ −2KW + 2L− 2E0 − 2E
′
3 − E,
∆3 ≡ 2L− 2E0 − 2E
′
4 − E.
Let ∆ := ∆1+∆2+∆3. Since B1, B2, B3 are disjoint from the nodal curves C1, . . . , C
′
4, ∆ is simple
normal crossing by Lemma 3.6.
Note that Pic(W ) is torsion-free. For i = 1, 2, 3, there exists a unique Li ∈ Pic(W ) such that
2Li ≡ ∆i+1 +∆i+2, Li +∆i ≡ Li+1 + Li+2,
where
(4.2)
L1 := −KW + 2L− 2E0 − E′3 − E
′
4 − E,
L2 := −KW + 2L− 2E0 − E′1 − E
′
2 − E
′
4,
L3 := −2KW + 2L− 2E0 − E′1 − E
′
2 − E
′
3,
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and the index i ∈ {1, 2, 3} is considered as modulo 3.
There is a smooth bidouble cover π : V →W branched along ∆ (see [9, Section 1], [10, Theorem
2] and [19]). Note that π−1(Ck) (repectively π
−1(C′k)) are disjoint union of two (−1)-curves for
k = 1, 2, 3, 4. Let ǫ : V → S be the blowdown of these sixteen (−1)-curves. We have a commutative
diagram:
V
ǫ
//
π

S
π

W
η
// Σ
where η is a contraction of eight (−2)-curves Ck, C′k for k = 1, 2, 3, 4, and π is a bidouble cover
π : S → Σ branched along η(∆) and the eight nodes of Σ. Remark the notation W is different from
ones of [7, 8, 17].
Theorem 4.1. The surface S is a minimal surface of general type with pg(S) = 0 and K
2
S = 7.
Moreover, the canonical divisor KS is ample.
Proof. Note
ǫ∗(2KS) + π
∗
(
4∑
k=1
(Ck + C
′
k)
)
≡ 2KV = π
∗(2KW +∆) (see [10, Section 2] and [19])
≡ π∗(D) + π∗
(
4∑
k=1
(Ck + C
′
k)
)
,
where
D := 2KW +B1 +B2 +B3 ≡ B2 + F.(4.3)
It implies
ǫ∗(2KS) ≡ π
∗(D).(4.4)
By Lemma 3.7 K2S =
1
4 (2KS)
2 = 144D
2 = 7.
Since pg(W ) = 0, by [10, Section 2], we have
pg(S) = pg(V ) = pg(W ) +
3∑
i=1
h0(W,OW (KW + Li)) =
3∑
i=1
h0(W,OW (KW + Li)).
It is clear that
H0(W,OW (KW + L1)) = H
0(W,OW (2L− 2E0 − E
′
3 − E
′
4 − E)) = 0,
H0(W,OW (KW + L2)) = H
0(W,OW (2L− 2E0 − E
′
1 − E
′
2 − E
′
4)) = 0.
Assume Φ ∈ |KW + L3|. For j = 1, 2, 3, since ΦCj = ΦC′j = −1, Φ ≥ Cj + C
′
j . Then
Φ−
3∑
j=1
(Cj + C
′
j) ≥ 0.
12 YIFAN CHEN AND YONGJOO SHIN
Since [Φ−
∑3
j=1(Cj+C
′
j)]Γ1 = −1, Φ ≥
∑3
j=1(Cj+C
′
j)+Γ1. But Φ−(
∑3
j=1(Cj+C
′
j)+Γ1) ≡ E
′
3−E,
which is impossible.
Hence |KW + L3| = ∅ and thus pg(S) = 0. By Lemma 3.7 and (4.4), KS is ample. 
5. The intermediate double covers and the bicanonical map
Let S be the surface constructed in Section 4, G be the Galois group Z2 × Z2 = {IdS , g1, g2, g3}
of the bidouble cover of Section 4, Ri be the divisorial fixed part of gi and ki be the number of the
isolated fixed points of gi for each i = 1, 2, 3. Denote by S/gi the quotient of S by gi.
Proposition 5.1. Let S be the surface constructed in Section 4 and keep the notation as above.
Then Ri is irreducible and R
2
i = −1 for i = 1, 2, 3, and
i) KSR1 = 5, g(R1) = 3 and k1 = 9. Moreover S/g1 is birational to an Enriques surface and
K2S/g1 = −2.
ii) KSR2 = 3, g(R2) = 2 and k2 = 7. Moreover S/g2 is birational to a minimal properly
elliptic surface with K2S/g2 = 0 and κ(S/g2) = 1.
iii) KSR3 = 1, g(R3) = 1 and k3 = 5. Moreover the minimal resolution T of S/g3 is a minimal
surface of general type with pg(T ) = 0 and K
2
T = 2 (i.e. a numerical Campedelli surface).
Proof. The intersection numbers R2i and KSRi follow from
R2i = B
2
i ,KSRi = DBi,
(see [12, Lemma 2.4 (b)], and (4.3) for D). Since Ri is isomorphic to Bi, Ri is irreducible because
so is Bi. Then g(Ri) and ki follow from the adjunction formula and [13, Lemma 4.2].
We see that (S,G) is in the case (c) of [12, Theorem 2.9] and statement (iii) is contained in [12,
Proposition 2.10]. It remains to calculate κ(S/g1) and κ(S/g2). Note that S/g1 and S/g2 have only
nodes as singularities.
i) Let π1 : V1 → W be the intermediate singular double cover of π : V → W associated to the
data 2L1 ≡ ∆2+∆3. Note that V1 contains four disjoint (−1)-curves π
−1
1 (Ck), π
−1
1 (C
′
k) for k = 3, 4
and eight nodal curves π−11 (Cj), π
−1
1 (C
′
j) for j = 1, 2. Contract all these curves, and we obtain
S/g1. Therefore K
2
S/g1
= K2V1 + 4 and κ(S/g1) = κ(V1). On the other hand
2KV1 ≡ π
∗
1(2KW + 2L1) ≡ π
∗
1(2KW +B2 +B3 +
∑
k=3,4(Ck + C
′
k)) (see (4.1) and (4.2))
≡ π∗1(2B3) + π
∗
1(
∑
k=3,4(Ck + C
′
k)) (see Proposition 3.4 (c)).
It follows that κ(V1) = dim |B3| = 0 and K2V1 = −6 and thus κ(S/g1) = 0 and K
2
S/g1
= −2. Since
pg(S/g1) = 0 and q(S/g1) = 0, S/g1 is birational to an Enriques surface.
ii) Let π2 : V2 → W be the intermediate singular double cover of π : V → W associated to the
data 2L2 ≡ ∆1+∆3. Note that V2 contains six disjoint (−1)-curves π
−1
2 (Ck), π
−1
2 (C
′
k) for k = 1, 2, 4
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and four nodal curves π−12 (C3), π
−1
2 (C
′
3). Contract all these curves, and we obtain S/g2. Therefore
K2S/g2 = K
2
V2
+ 6 and κ(S/g2) = κ(V2). On the other hand
2KV2 ≡ π
∗
2(2KW + 2L2) ≡ π
∗
2(2KW +B1 +B3 +
∑
k=1,2,4(Ck + C
′
k)) (see (4.1) and (4.2))
≡ π∗2(E +B3) + π
∗
2(
∑
k=1,2,4(Ck + C
′
k)) ≡ π
∗
2(F ) + π
∗
2(
∑
k=1,2,4(Ck + C
′
k))
(see Lemma 3.1 (a) and Proposition 3.2 (c)).
It follows that κ(V2) = dim |F | = 1 and K2V2 = −6 and thus κ(S/g2) = 1 and K
2
S/g2
= 0. 
Remark 5.2. By Proposition 5.1 the surfaces S constructed in Section 4 are contained in the case
of [12, Theorem 1.1 (c)].
Remark 5.3. Lee and Shin [17] gave possible branch divisors of involutions on minimal surfaces
of general type with pg = 0 and K
2 = 7. Proposition 5.1 provides three examples for the possible
branch divisors in the list of [17]:
(1) k = 9, K2W = −2, W is birational to an Enriques surface and B0 =
Γ0
(3,−2).
(2) k = 7, K2W = 0, W is a minimal properly elliptic surface and B0 =
Γ0
(2,−2).
(3) k = 5, K2W = 2, W is a minimal surface of general type with pg(W ) = 0 and K
2
W = 2 (i.e.
a numerical Campedelli surface), and B0 =
Γ0
(1,−2).
We note the three branch divisors of the surface S constructed in Section 4 are different from ones
of an Inoue’s surface (see [17, Section 5]) and the surface constructed by the first named author
(see [11, Remark 5.1]).
The group G acts on H0(S,OS(2KS)). Let G∗ = {1, χ1, χ2, χ3} be the character group of G,
where χi is orthogonal to gi for i = 1, 2, 3. Then
H0(S,OS(2KS)) = H
0(S,OS(2KS))
inv
⊕ ⊕
χi∈G∗\{1}
H0(S,OS(2KS))
χi
Corollary 5.4. For the surface S constructed in Section 4
h0(S,OS(2KS))inv = 5,
h0(S,OS(2KS))
χ1 = 2, h0(S,OS(2KS))
χ2 = 1, h0(S,OS(2KS))
χ3 = 0.
Proof. By Proposition 5.1 (KSR1,KSR2,KSR3) = (5, 3, 1). We apply [12, Proposition 2.2]. 
Corollary 5.5. The bicanonical morphism ϕ : S → P7 is not composed with gi for any i = 1, 2, 3.
Corollary 5.6. Let S be the surface constructed in Section 4. Then the bicanonical morphism
ϕ : S → P7 is birational.
Proof. The linear system |φ(B2 + F )| defines an embedding Σ → P4 by Lemma 3.8. Moreover
2KS ≡ π∗(φ(B2 + F )) (see (4.4)) and π : S → Σ is a G-Galois covering of Σ. Thus ϕ is birational
if and only if ϕ is not composed with all g1, g2 and g3. By Corollary 5.5 ϕ is birational. 
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6. Appendix
Before the proofs of Lemma 2.1, Lemma 2.2 and Proposition 2.3, we make the following remark.
Remark 6.1. Assume that (γ0, o) is an elliptic curve with its group structure, p0, r0, s0 are non-
trivial 2-torsion points of γ0 and p1, . . . , p4 are halves of p0. We may assume that the sum of p1 and
p2 is o, i.e. p1+ p2 ≡ 2o. Then p3+ p4 ≡ 2o. By identifying γ0 with its image under the embedding
into P2 by |3o|, one sees easily that p0, p1, . . . , p4 satisfy conditions (I)-(III). For example, let γ2 be
the conic passing through five points p1, p2, p3, p4, p
′
1. Then
γ2|γ0 − (2p1 + p2 + p3 + p4) ≡ 6o− (4o+ p1) ≡ p2.
This means γ2 contains p
′
2. However we fail to find p or to verify the condition (IV) in such a
geometrical way.
We use the same notation in Section 2.
Proof of Lemma 2.1. A smooth conic cα passing through p1, p2, p3, p4 has the defining equation
−(1 + α)x1x2 + x1x3 + αx2x3 = 0.
where α 6= 0,−1. The tangent lines of cα to the points p1, p2, p3, p4 have the following defining
equations:
Tp1cα : −(1 + α)x2 + x3 = 0, Tp2cα : −(1 + α)x1 + αx3 = 0,
Tp3cα : x1 + αx2 = 0, Tp4cα : −αx1 − x2 + (1 + α)x3 = 0.
The condition (II) implies that there are two smooth conics γ1 := cs, γ2 := ct for s, t 6∈ {0,−1},
such that p0 = Tp3cs ∩ Tp4cs = Tp1ct ∩ Tp2ct. From the defining equations of the tangent lines, one
sees that t = −s, p0 = (t : 1 : 1 + t) and t 6= 0,±1. And p0 clearly lies on lr0s0 : x1 + x2 = x3. 
Fix p0 = (t : 1 : 1 + t) with t 6= 0,±1. Then the defining equations of lp0pk for k = 1, . . . , 4 are
as follows
lp0p1 : −(1 + t)x2 + x3 = 0, lp0p2 : −(1 + t)x1 + tx3 = 0,
lp0p3 : x1 − tx2 = 0, lp0p4 : tx1 − x2 + (1− t)x3 = 0.
Proof of Lemma 2.2. The existence of γ0 can be shown by dimension counting. It is clear that γ0
is irreducible. Since the tangent line of γ0 at pk is lp0pk , the projection from p0 gives a degree two
map from γ0 to P
1 ramified at (at least) 4 points p1, . . . , p4. Since pa(γ0) = 1, this shows that γ0
is a smooth elliptic curve. 
Remark 6.2. Actually, the curve γ0 has the defining equation:
x21[(1 + t)x2 − x3] + x
2
2[−(1 + t)x1 + tx3] + x
2
3(x1 − tx2) = 0.
Proof of Proposition 2.3. We have verified that p0, p1, . . . , p4 satisfy conditions (I), (II), (II’) in
Lemma 2.2. So the sixth point p satisfies condition (I)-(III) if and only if
p 6∈ lp0p1 ∪ . . . ∪ lp0p4 ∪ cp0p1p2p3p4 ∪ γ0.
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From now on, we assume p satisfies conditions (I)-(III).
Consider the linear systems
δ1 := |OP2(3)− p0 − p1 − p2 − p3 − p4 − p
′
2 − p
′
4|, δ2 := |OP2(3)− p0 − p1 − p2 − p3 − p4 − p
′
1 − p
′
3|.
Both have dimension 2. The point p satisfies the condition (IV) if and only if there exists cubics
λ1 ∈ δ1 and λ2 ∈ δ2 such that both λ1 and λ2 have a singular point at p.
Note that |δ1| is generated by
lp0p2 + lp1p4 + lp3p4 : [−(1 + t)x1 + tx3](x2 − x3)(x1 − x2) = 0,
lp0p4 + lp1p2 + lp2p3 : [tx1 − x2 + (1− t)x3]x3x1 = 0,
cp0p1p2p3p4 + lp2p4 : [(−1 + t
2)x1x2 + x1x3 − t
2x2x3](x1 − x3) = 0.
Denote by F (x1, x2, x3) the Jacobian of three polynomials on the left of the above equations.
Similarly, |δ2| is generated by
lp0p1 + lp2p3 + lp3p4 : [−(1 + t)x2 + x3]x1(x1 − x2) = 0,
lp0p3 + lp1p4 + lp1p2 : (x1 − tx2)(x2 − x3)x3 = 0,
cp0p1p2p3p4 + lp1p3 : [(−1 + t
2)x1x2 + x1x3 − t
2x2x3]x2 = 0.
Denote by G(x1, x2, x3) the Jacobian of three polynomials on the left of the above equations. Then
a direct calculation shows that
F (x1, x2, x3) = 3[−(1 + t)x1 + tx3][tx1 − x2 + (1− t)x3]Q(x1, x2, x3),
G(x1, x2, x3) = 3[−(1 + t)x2 + x3](x1 − tx2)Q(x1, x2, x3),
where
Q(x1, x2, x3) = [−(1 + α(t))x1x2 + x1x3 + α(t)x2x3][−(1 + β(t))x1x2 + x1x3 + β(t)x2x3].
It follows that there exist λ1 ∈ δ1 and λ2 ∈ δ2 such that both λ1 and λ2 have a singular point at
p if and only if Q(p) = 0, i.e. p ∈ cα(t) ∪ cβ(t).
Observe that cα(t) ∩ lpkpl = {pk, pl} = cβ(t) ∩ lpkpl (1 ≤ k 6= l ≤ 4), cp0p1p2p3p4 ∩ cα(t) =
cp0p1p2p3p4 ∩ cβ(t) = {p1, p2, p3, p4}. Therefore the point p verifies conditions (I)-(IV) if and only if
p ∈ cα(t) ∪ cβ(t) and p 6∈ lp0p1 ∪ . . . ∪ lp0p4 ∪ γ0. 
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